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Abstract

The problem of quantum state exchange between coupled modes of the electromagnetic field mod-
elled by quantum oscillators are considered. Analyzing the structure of propagators of the Schrödinger
equation with the most general weak bilinear resonance coupling, we found some conditions of state
exchange for arbitrary initial states for two and a particular case of three coupled oscillators. At this
moment we are giving attention to the case of three coupled oscillators in a linear chain of oscillators
by considering the most general time independent bilinear coupling between them.

The problem of so-called “quantum teleportation”, or a transfer of the state of some quantum
system to another quantum system has attracted attention of many authors. There exist various schemes
[1–5], some of which have been realized already [6,7]. The aim of our study is to consider the possibilities
of the quantum state exchange between three or more coupled modes of the electromagnetic field modelled
by coupled quantum oscillators as an extension for the case of two coupled modes considered in [8]. It is
well known from classical mechanics that two weakly coupled identical oscillators periodically exchange
their energies. It is true that the oscillators exchange not only energies, but also their quantum states and
such an exchange can be interpreted also as an ideal information transfer [9]. Thus a simple question arise
in how we can control this information exchange between more than two modes. In some special cases
(e.g., for particular initial states, such as squeezed states or coherent states and their “cat” superpositions,
or for some specific couplings between the modes) this problem was studied recently in [9–12] but only
for two modes - bipartite systems. Our goal is to consider the more general cases of multipartite system
starting our study with the more simple case of three coupled modes as our “multipartite” system. The
more general case of three coupled modes we can study is described by the total hamiltonian
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where pi and xi are dimensionless quadrature components variables, whose operators obey the com-
mutation relations [x̂j , p̂k] = iδjk, $1 ≡ √

ω1ω2, $2 ≡ √
ω1ω3 and $3 ≡ √

ω2ω3. The dimensionless
coupling constants εγ are time independent. In the case of material oscillators with the masses mj , the
dimension variables Pi and Xi are related to their dimensionless partners as follows: pi = Pi/

√
miωih̄,

xi = Xi

√
miωi/h̄. The Hamiltonian (1) is a special case of generic quadratic Hamiltonians, which can be

written as (for the sake of simplicity, we confine ourselves to the homogeneous Hamiltonian withmi = 1,
h̄ = 1)

H =
1
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where x is N -dimensional “coordinate” vector and p is the canonically conjugated “momentum” vector.
B(t) is a symmetrical 2N × 2N matrix
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]
, (3)

consisting of four N×N blocks satisfying the conditions b1 = b̃1, b4 = b̃4, b2 = b̃3 (tilde means matrix
transposition). The blocks of Λ-matrix
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]
, (4)



determine the propagator of the Schrödinger equation with the Hamiltonian (2) in the coordinate repre-
sentation [14]:
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To find the explicit time dependence, one has to solve the matrix equation

Λ̇ = ΛΣB, Σ =
[

0 IN

−IN 0

]
, Λ(0) = I2N , (6)

where IN means the N × N unity matrix. To describe the dynamics of the three coupled oscillators,
we have to solve Eq. (6), which is equivalent to the following system of linear differential equations and
initial conditions for the matrices λj(t):

λ̇1 = λ1 b3 − λ2 b1, λ1(0) = IN , (7)
λ̇2 = λ1 b4 − λ2 b2, λ2(0) = 0, (8)
λ̇3 = λ3 b3 − λ4 b1, λ3(0) = 0, (9)
λ̇4 = λ3 b4 − λ4 b2, λ4(0) = IN . (10)

For nonsingular matrix b1, one can exclude matrices λ2 and λ4, arriving at the identical second-order
equations for the matrices λ3 and λ1:

d2λ3

dt2
− dλ3

dt
G3 + λ3G4 = 0, G3 = b3 − b−1

1 b2b1, G4 = b4b1 − b3b
−1
1 b2b1, (11)

λ1(0) = IN , λ̇1(0) = b3, λ3(0) = 0, λ̇3(0) = −b1. (12)

In solving the dynamics equations in the weak coupling limit (γiγj ¿ 1), we apply the multiple scale
method [15] to the system of differential equation for the case of three resonant (ω1 = ω2 = ω3 =
1) quantum harmonic oscillators (condition for information exchange). We start by introducing new
independent variables according to Tn = εnt, n = 0, 1, 2 · · ·. It follows that the derivatives with respect
to t become expansion in terms of the partial derivatives with respect to the Tn according to

d
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d2

dt2
= D2

0 + 2εD1D0 + ε2(D2
1 + 2D0D2) +O(ε3). (13)

One assumes that the solution of the system of second order differential equations (11) write in the form

λ̈ + λM0 = ε
[
λ̇F + λK

]
, M0 = diag (1, 1, 1) , (14)

with the anti-diagonal matrices in the right-hand side in the form
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


0 ν1 ν2

−ν1 0 ν3

−ν2 −ν3 0
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
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with µi and νi defined in terms of coupling constants γk with the help of (11). The λk matrices in (4)
has the form

λk = λk,0(T0, T1, T2, ...) + ελk,1(T0, T1, T2, ...) + ε2λk,2(T0, T1, T2, ...) · · · (16)

We note that the number of independent time scale needed depends on the order to which the expansion
is carried out. In scaled variable the system to be solved assume the form

D2
0λk,0 + λk,0M = 0, (17)

D2
0λk,1 + λk,1M = D0λ0,kF − 2D1D0λk,0 + λk,0K, (18)
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1λk,0 − 2D1D0 (λk,0 + λk,1) + (D0λ0,k +D1λ1,k)F + λk,1K, (19)



with the initial conditions determined from the equations

λk(0) = λk,0(0, 0, 0) + ελk,1(0, 0, 0) + ε2λk,2(0, 0, 0) + · · · (20)

λ̇k(0) = D0λk,0|(0,0,0) + ε (D0λk,1 + D1λk,0)|(0,0,0) + ε2 (D0λk,2 + D1λk,1 + D2λk,0)|(0,0,0) + · · · (21)

This is the system we use to find the Λ matrix solution in order to describe the approximated behavior
of the system, a well defined solution valid in the weak coupling limit, γkγj ¿ 1. From the solution of λ
matrix we find the explicit form of the propagator (5). We assume that the initial wave function of the
total system is factorized,

ψ (x1, x2, x3; 0) = ψ1 (x1; 0) ψ2 (x2; 0) ψ3 (x3; 0) . (22)

Then the wave-function at any moment of time t > 0 can be written as
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At the initial moment t = 0 one has

G (x1, x2, x3; x′1, x
′
2, x

′
3; 0) = δ (x1 − x′1) δ (x2 − x′2) δ (x3 − x′3) .

In [8] two kind of state exchange for a bipartite system was defined: a narrow sense, the state exchange
means that at some instant of time t∗ the total wave function is factorized again into a product of the
initial terms, but with exchanged arguments:

ψ (x1, x2; t∗) = Nψ1 (s1x2; 0)ψ2(s2x1; 0) , (24)

with some scaled by factors s2,1and some phase factor N . To ensure (24) the propagator at the instant
t∗ must turn into a product of two delta-functions as

G (x1, x2;x′1, x
′
2; t∗) = N δ (s1x2 − x′1) δ (s2x1 − x′2) . (25)

The other kind, the state exchange in a wide sense” or “state exchange of the second kind” arises when

ψ (x1, x2; t∗) = Nψ1 (s1x2; t1) ψ2 (s2x1; t2) , (26)

which in the propagator language condition (26) reads as

G (x1, x2; x′1, x
′
2; t∗) = NG

(f)
1 (s1x2;x′1; t1)G

(f)
2 (s2x1; x′2; t2) (27)

where G
(f)
k (x;x′; t) is the free propagator of the isolated kth mode.
In the case of three weak coupling resonant oscillators similar results were found. Initially we

considered a special condition: µ2 = ν2 = 0, which means the mode 1 and 3 being uncoupled or in a
situation of wave rotating coupling. In order to determine when some state exchange occurs we define
the coupling intensity ρk and phases φk by the following equations

µ1 + iν1 = ρ1 exp(iφ1), µ3 + iν3 = ρ3 exp(iφ3) (28)

We also have now the scaled slow time τ , given by τ = ρt/2 =
√

(µ2
1 + µ2

2 + ν2
1 + ν2

2)t/2 and the natural
time t treated as independent variable, as prescribed by the multiple scale method. By following the
same procedure as done in [8] we write explicitly the λ3 determinant and find the conditions under which
we have ‖ λ3 ‖= 0. This first step give a pre-factored form of the propagator indicating the exact time
when the factorization of the form (25) or (27) occurs. For example, in the case of

ρ2
1 cos2 τ + ρ2

3 = 0 (29)

with ρ1 = ρ3 we find a state exchange of the first occurring at the instant of tm = mπ, with the phase
φ1 + φ3 = 0 and θm = (−1)m:

ψ(x1, x2, x3, t2m+1) = ψ1(−θmx3)ψ2(−θmx2)ψ3(−θmx1) (30)



In a similar way for φ1 + φ3 = π/2 we found

ψ(x1, x2, x3, tm) = ψ1(θmx3)ψ2(θmx2)ψ3(−θmx1) (31)

All other possibilities were considered. Then in a chain of three coupling quantum oscillator (in a line)
this results shows that we can exchange quantum information (in a narrow sense) between the mode 1
and 3 (the extremes mode) without no quantum exchange in the mode 2 (intermediary mode). This
was done for arbitrary initial states for each modes - no consideration about the nature of the quantum
states was initially considered. As a starting point for our generalization to N coupled mode this allows
to the question: How can we control the coupling parameters in quantum chain of quantum oscillator in
order to transmit a general quantum information between the first and the “last” mode? This we hope
to answer.

Acknowledgements

VVD acknowledges the full support of the Brazilian agency CNPq.

References

[1] Bennett C H, Brassard G, Crepeau C, Jozsa R, Peres A and Wootters W K 1993 Phys. Rev. Lett.
70 1895

[2] Davidovich L, Zagury N, Brune M, Raimond M and Haroche S 1994 Phys. Rev. A 50 R895

[3] Moussa M H Y 1997 Phys. Rev. A 55 R3287

[4] Zubairy M S 1998 Phys. Rev. A 58 4368

[5] Milburn G J and Braunstein S L 1999 Phys. Rev. A 60 937

[6] Bouwmeester D, Pan J W, Mattle K, Eibl M, Weinfurter H and Zeilinger A 1997 Nature 390 575

[7] Furusawa A, Sorensen J L, Braunstein S L, Fuchs C A, Kimble H J and Polzik E S 1998 Science
282 706

[8] de Castro A S M, Dodonov D D and Mizrahi S S 2002 J. Opt. 4 S191

[9] Oliveira M C, Mizrahi S S and Dodonov V V 1999 J. Opt. B 1 610

[10] Bonato C A and Baseia B 1994 Int. J. Theor. Phys. 33 1445
Gomes A R, Baseia B and Marques G C 1995 Mod. Phys. Lett. B 9 999
Silva A L, Baseia B and Marques G C 1995 Mod. Phys. Lett. B 9 1213

[11] Fu J, Gao X C, Xu J B and Zou X B 1999 Can. J. Phys. 77 211

[12] Parkins A S and Kimble H J 1999 J. Opt. B 1 496
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